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Abstract. Let G be an adjoint semisimple linear group over C. We analyze 
the relationship between the algebraic and the combinatorial point of view on 
Luna's theory of wonderful G-varieties. Some techniques relating a spherical 
system to its associated wonderful subgroup are discussed; as a byproduct, we 
reduce for any group G the proof of the classification to its verification on a 
small family of spherical systems, called primitive. 



1. Introduction 

Luna's theory of wonderful varieties establishes a connection between wonderful 
G-varieties for a semisimple complex algebraic group G, and certain combinatorial 
objects called spherical systems of G ( 14 ). The main conjecture, i.e. that spherical 
systems classify these varieties, is a work in progress and has been verified in many 
particular cases ([Mj [15l [3 [TJ [3]). Uniqueness of the wonderful variety having 
a given spherical system has been proved by Losev in [12], and a proof of the 
whole conjecture has been proposed by Cupit-Foutou in [7] and j8] using a different 
method. 

Beyond the classification, the theory describes many geometric constructions 
and their combinatorial counterparts. For example, morphisms between varieties 
correspond to quotients of spherical systems. 

In this article we develop some techniques relating a spherical system to the 
generic stabilizer (called a wonderful subgroup of G) of the corresponding variety. 
Whenever such a wonderful variety exists, we say that the spherical system is 
geometrically realizable. 

Two approaches to these techniques are possible. The first one is described in 
^ and extracts informations on the wonderful subgroup H only from the spherical 
system 5^ itself. This approach is direct, but yet unable to provide a complete 
description of H , nor of a candidate H in cases where geometric realizability of ,5^ 
is not assured. 

With this point of view, a Levi part of H (as already pointed out in [H]), can 
be guessed using the classification of reductive spherical subgroups of semisimple 
groups and the knowledge of their spherical systems. The unipotent radical is more 
elusive, although some strategy for it seems to be possible. Our study of H is also 
in some sense non-canonical, since it requires the choice of a parabolic subgroup of 
G minimal containing H: examples show that such a choice is not unique. 

The second approach, developed in §2HH1 involves the study of particular quo- 
tients of J^, which are supposed to be geometrically realizable. Here we can produce 
a precise description for iJ, proving at the same time the geometric realizability of 
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,5^ . However, all is done assuming existence and knowledge of the generic stabilizers 
of some quotient of . 

We also review some results that were already known, always about the rela- 
tionship between spherical systems and wonderful subgroups. We refine the results 
of [M] on fiber products of wonderful varieties, and discuss the so-called projective 
fibrations (see [14i §3.6]) without restrictions on G as a particular case of a more 
general situation: quotients of higher defect. 

All our work leads to the definition of primitive spherical systems, a direct gen- 
eralization of the notion defined in Tf and subsequent works. 

The corresponding wonderful varieties, called again primitive, play a significative 
role in the theory. In an analogy with representation theory they would correspond 
to indecomposable representations. In addition, the smaller class of primitive vari- 
eties admitting no quotient of higher defect would correspond to simple represen- 
tations. 

Primitive spherical systems can also be used to provide a proof of the existence 
part of Luna's conjecture, in the same spirit of }14j . Namely, we prove that Luna's 
conjecture follows from case-by-case analysis on primitive spherical systems without 
quotients of higher defect. This will be the subject of forthcoming papers. 

Acknowledgments. We are grateful to Prof. D. Luna for his comments and sugges- 
tions and for pointing out some errors in a previous version of this paper, and to 
Prof. F. Knop for useful discussions. The secondly-named author was supported 
by the DFG Schwerpunktprogramm 1388 - Darstellungstheorie. 

2. Definitions 

2.1. Wonderful varieties. Throughout this work, G will be a semisimple complex 
algebraic group, T a maximal torus, B a Borel subgroup containing T, S the 
corresponding set of simple roots of the root system of (G,T). 

For all S' C S, Ps' denotes the corresponding parabolic subgroup containing B 
(namely, S' is a set of simple roots of the root system of {L,T), where L = Ls' 
is the Levi subgroup of Ps' containing T). Similarly, P_s' denotes the opposite 
parabolic subgroup of Ps', with respect to the maximal torus T. We also denote 
by Gs' the semisimple part {Ls' , Ls' ) of Ls' . 

For any parabolic subgroup P containing T, Lp will be its "standard" Levi 
subgroup containing T. 

If H is any affine algebraic group, LieiJ will denote its Lie algebra and H° its 
connected component containing the unit element e G H, will be its radical and 
its unipotent radical, Z{H) will be its center, Nx(-ff) will be its normalizer in 

K. 

We are now going to recall the basic definitions about wonderful varieties, see 
[l4] and [4] for further details and references. 

Definition 2.1.1. A G- variety is called wonderful of rank r if and only if it is 
smooth, complete, with r smooth prime G-divisors Di, . . . , Dr with normal cross- 
ings, such that the G-orbit closures are exactly all the intersections Cii^jDi, for any 
/C{l,...,r}. 

We will always assume that Z{G) acts trivially on a wonderful G-variety. This 
is justified by the results of Luna in [T4|, where the classification is reduced to the 
case where G is adjoint. 
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A wonderful G-variety is known to be projective and spherical. 

Let X be a wonderful G-variety. There exists a unique point z £ X stabilized 
by (where B- is the Borel subgroup opposite to B with respect to T, i.e. 
B- D B = T). The orbit G.z is the unique closed orbit, r\\^iDi\ the parabolic 
subgroup opposite to Gz, usually denoted by Px, is the stabilizer of the open 
B-orbit of X. Set 5^ such that Px = Ps^^- 

The T-weights occurring in the normal space T^X/TzCz of G.z at z are called 
spherical roots, their set is denoted by Sx- Spherical roots are in bijective corre- 
spondence with prime G-divisors, say cr i-^> D'^ , and form a basis of the lattice of 
B-weights in C(X) (we are identifying _B-weights with T-weights). 

The not G-stable prime B-divisors of X are called colors, their set is denoted 
by Ax. The colors are representatives of a basis of PicX, so one can define a 
Z-bilinear pairing, called Cartan pairing, cx '■ x ZEx ^ such that [D"'] = 

EoeA^ cxiD,a)[Dl for aU ae^x- 

This is also denoted as a map px '■ Ax — > Homz(ZSx,Q), where px{D){—) = 
cx{D,-). 

For all a G 5, set Ax (a) = {-D £ Ax : P{a}-D ^ D}. One has UaesAx(a) = 
Ax and, for all a e 5, card(Ax(a)) < 2. Clearly, a G 5^ if and only if Ax(a) = 0. 
Moreover, if G Ax (a) and card(Ax(a)) — 1 then px{D) is uniquely determined 
by a. One has card(Ax(a)) = 2 if and only if a G S Ci Sx, in this case, say 
Ax(a) = {D~^,D^}, px{D^) and px{D^) are not always determined by a, but 
their sum is. Let Ax denote the subset of colors D G yJa£Sr\T.x^x{a) endowed 
with the Z- linear functionals px{D). 

Definition 2.1.2. The datum of (5^, Sx, Ax), also denoted by S^x^ is called the 
spherical system of X. 

Any G-orbit closure X' of X is a wonderful G-variety itself. Its set of spherical 
roots E' = Ex' is a subset of Ex , and X' is called the localization of X with respect 
to E' and denoted by X' — X^i . Indeed, X-^i = r\„(^Y,x\'S' D'^ ■ The spherical system 
.yx' of X' is given by 5^, = S*^, Ex' = E' and Ax', which can be identified with 
the subset of colors D G UaesnS' Ax(q:); one has cx'{D,a) = cx{D,(t) for aU 
a G E'. 

In particular, any spherical root of X is the spherical root of a wonderful G- 
variety of rank 1. The wonderful G- varieties of rank 1 are well known, for all 
G. The finite set of spherical roots of wonderful G-varieties of rank 1 is denoted 
by E(G). Any spherical root cr is a linear combination of simple roots with non- 
negative integer coefficients. Spherical roots are usually labeled depending on these 
coefficients, and we will follow the notation of [2,. 

We define supp a the set of simple roots whose coefficient in the expression of a 
is non-zero, and if E' C Ex then suppE' is the union of supper for all a G E'. 

The spherical system of X is determined by the spherical systems of all the 
localizations X^i of rank 2 (actually, it is enough to restrict to the localizations 
of rank 1 and those of rank 2 with a simple spherical root). Furthermore, the 
wonderful G-varieties of rank 2 are known, for all G. 

2.2. Spherical systems. 

Definition 2.2.1. Let {S^, E, A) be a triple such that S'p C S", E C E(G) and A a 
finite set endowed with a pairing c : ZA x ZEx — > Z. For every a G E n S", let A(a) 
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denote the set {D G A: c{D, a) = 1}. Such a triple is cahed a spherical system for 
G if: 

(Al) for every D € A we have c{D, — ) < 1, and if c{D,a) = 1 for some cr S S 
then CT e 5 n S; 

(A2) for every a G S n 5*, A(a) contains two elements and denoting with £)+ 

and D~ these elements, it holds c(Z)+, — ) + c{D^, — ) = {a^ , — ); 
(A3) the set A is the union of A (a) for all a G S fl S"; 

(El) if 2q: G En 25 then i(a^,cr) is a non-positive integer for every a G E\{2a}; 
(E2) a a, (3 £ S are orthogonal and a + /3 G E then {a^ — (/3^,(t) for every 
G E; 

(S) for every cr G E, there exists a wonderful G-variety X of rank 1 with 
5'^ = and Ex {tT}Q 

The cardinality of E is the rank of the spherical system. 

2.3. The set of all colors. Given an abstract spherical system ,^ = (5'p,E,A) 
for a given adjoint group G, it is possible to define the set A D A of its colors (and 
a corresponding extension of c), which plays the role of Ax- Following |14| and its 
notation, we identify each element in A \ A with the simple roots it is moved by. 
This gives a disjoint union; 

A = A U A^'^ U A** 

Colors in the set A^" correspond to simple roots a such that 2a is a spherical root. 
For such a color _D, we have c(_D, — ) = ^(ct^i Colors in A*" correspond to: 

5\ (^EU ^EUS-P 

where a /? if a = /?, or if a ± /? and a + /? G E. For such a color D, we have 
c(Z), — ) = (a^, — ), for a any representative of the ^-equivalence class associated 
to D. 

The abstract definition of A(q;) for a G S", called again the set of colors moved 
by a, goes as follows: 

- if a G 5" n E, then A(a) = {£> G A | c{D, a) = 1}, 

- otherwise A (a) contains at most one element, which is the color corre- 
sponding to a following the definitions of A^° and A*. 

Finally, we say that a color D is free if there exists at most one spherical root a 
such that c(Z?, cr) > 0. If G A, it is free if and only if it is moved by only one 
simple root. 

2.4. Quotients. Certain classes of morphisms between wonderful varieties can be 
represented by subsets of colors of the domain. Let f : X Y he & surjective G- 
equivariant morphism between two wonderful G- varieties, and define A/ = {Z? G 
Ax I f{D) — Y}. Let now A' be a subset of Ax; we say that A' is distinguished 
if there exists a linear combination D of elements of A' with positive coefficients, 
such that cx{D,a) > for all spherical roots a. 

We say that A' is (*)-distinguished, if it is distinguished and the monoid {a G 
NEx I cx{D,<j) = V-D G A'} is free; we denote in this case its indecomposable 
elements by Ex/A'. 



^This axiom can actually be expressed in purely combinatorial terms. 
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Proposition 2.4.1 ([II]). Let X be a wonderful G-variety. The map / i-> A/ 

induces a bijection between the set of (*) -distinguished subsets of Ax and the set of 
equivalence classes of couples (/, Y) where f : X ^ Y is a G-equivariant, surjective 
map with connected fibers, and where the equivalence relation is induced naturally 
by G-equivariant isomorphisms Y Y' . 

Recalling that an inclusion K D H is co- connected if and only if the quotient 
K/H is connected, we rephrase Proposition 12.4. l1 as follows. 

Proposition 2.4.2 ([14'). Let X be a wonderful G-variety with generic stabi- 
lizer H. For any subgroup K of G containing H, we define — ^/ where 
f : G/H — > G/K is the natural projection. Then K H> A^ is a bijection between 
the co-connected inclusions K D H such that [N^A' : K] is finite and the set of 
distinguished subsets of Ax- The homogeneous space G/K admits a wonderful 
compactification if and only if Ak is (*)- distinguished. 

A (*)-distinguished subset A' C Ax is 

- smooth if Yix/ A' C Tix] 

- homogeneous (or parabolic) if Sx/A' = 0. 

Proposition 2.4.3 f[14j). A G-equivariant, surjective map with connected fibers 
between wonderful varieties f : X ^ Y is smooth if and only if Af is smooth. 
Moreover, Y is homogeneous if and only if Af is homogeneous. 

Obviously, all the above definitions can also be given for an abstract spherical 
system. 

Definition 2.4.1. Let 5^ = {S^, S, A) be a spherical system with set of colors A, 
and let A' C A be a distinguished subset of colors. We define: 

- SP/A' ^{aeS I A(a) C A'}; 

- S/A' = the indecomposable elements (or equivalently the minimal genera- 
tors) of the monoid {cr G NE | cx^D, cr) = VD e A'}; 

- A/A' = U„eSns/A'A(a). 

We say that the quotient 5^ j A! exists if and only if the monoid {cr G NE | cx{D, a) = 
VL» e A'} is free and y/A' = {SP/A', E/A', A/A') is a spherical system. In this 
case, the bilinear pairing c for .y /A' is induced from that of J?' in a natural way. 

It is relevant to point out that all distinguished sets of colors are (*)-distinguished, 
and the quotient y j A! always exists, but the only proof we know relies on a case- 
by-case checking ([2])- For this reason we have chosen not to assume it in this 
paper. 

If y is geometrically realizable and A' is (*)-distinguished, then the quotient 
y I A! is the spherical system of the wonderful variety Y in the notation of Propo- 
sition HXT] (where A' = A/). 

2.5. Localizations. Let X be a wonderful variety and 5" a subset of S. Consider 
a Levi subgroup Ls' of the parabolic subgroup Pg'; the variety X contains a well 
defined wonderful ig'-subvariety Xg' , called the localization of X in S' (see [14j). 
Its spherical system satisfies: S\^^ = 5^ fl S"; the set Ex^, is the set of spherical 
roots of X whose support is contained in S"; the set Axg, is the union of Ax (a) 
for all Of G 5" n Ex . The localization ygi of an abstract spherical system y in 5" 
is defined analogously. 
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Recall that we have also defined the localization X^i of X on a subset of spherical 
rootfS S' C Ex- The same can be done for an abstract spherical system = 
(S'P, E, A) and any E' C E: we define J5^e' = [S^ , E', Ae.) where: 

As'^ U A(a), 

and the bilinear pairing on is the one of restricted to ZE'. 

Given a subset A' of the colors A oi 5^ , we can also define the restriction of A' 
to a localization ,5^s' and to a localization ,5^^,' ■ In the first case, we define: 

A'|5' =A'n ( U A(a)) . 

It is immediate to show that if ^ = ,!/x is geometrically realizable, then: 
M\s'^{Dr\Xs' |i?e A'}c Ax^,- 

In the second case, a more careful analysis is needed, since the full set of colors 
of a localization S^^.' is not related to the colors of as easily as its subset As' - 

For notational convenience, let us denote by Aj the set of ^-equivalence classes 
containing only one element, and Aj those containing two elements. We also write 
As' for the whole set of colors of the spherical system ^s', and correspondingly 
As'(q!) denotes the colors moved by a € S' in the spherical system ,5^y,' ■ 

Then we define the restriction of A' to =5^s' as: 

A'ls, = (A^,,0 U (A^,_2) U (A's,_3) U (A's,_4) , 

where: 




\ with A(a)CA' / 



with A(q)CA' 

A^,,3= U As'(a), 

{a}GA? 
with A(q)CA' 

Ae'.4= U (As' (a) UAs' (/?))- 

{a,/J}eA^ 
with A(a)=A(/3)CA' 

This definition is given with the idea of taking a G-equivariant map f : X ^ Y 
with connected fibers and study its restriction f'\x- X' — > f{X') to a wonderful 
subvariety X' d X. The following proposition and corollary explain this relation- 
ship - 



In cases where S' = 5' C Sn5 our notation may be ambiguous: the context will then indicate 
whether we are localizing to a subset of simple roots or of spherical roots. 
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Proposition 2.5.1. Let A' be a distinguished set of colors of such that j IS! 
exists. Then the restriction A'|s' is such that the quotient exists, 
and we have: 

(^/A')s" = (^eO/(A'|eO, 
where S" consists of the elements o/S/A' that are linear combination of elements 
of^'. 

Proof. Let us fix = J2^dD, for D G A', with positive coefficients such that 
c{E, a) > for all ct e S, and define F = J^bo D, for D e A'|s', as follows {So is 
the set of simple roots moving D G A) : 

'^|g^f' if ^ e As' (a) and a e ^' D S 

W~1'^D+ + Ts^^D- if e As' (a) and a e n S 

if D e As' (a) and a e iS' n S" 
iai5 if D € As'(a) and a e nS* 

a_D if Z? e As/ (a) and a G A5 

ai) if £1 G As'(a) n As'(/3) and {a,;3} G A§ 

^ao ifI?G As'(a)\As'(/3) and{a,^}G A^ 

For all (7 G S' one has c(F, ct) = c{E,a) > 0, therefore A'|s' is distinguished in 

The equality, without assuming that the triple (c5^s')/(A'|s') is a spherical sys- 
tem, is easily checked. Finally, the existence of the quotient {S^^')/ {A'\^>) follows 
from the existence of S^/A'. □ 

Corollary 2.5.1. Let f : X — > Y be a G-equivariant morphism with connected 
fibers between wonderful varieties, and let X' Q X be a G-stable subvariety. Then 
Y' — f{X') is a G-stable subvariety ofY, and: 

Definition 2.5.1. A spherical system ^ = (5^,2, A) is cuspidal if and only if 
supp Yi ^ S. 

Lemma 2.5.1 f[14|). Let ,5^ be a geometrically realizable spherical system with 
generic stabilizer H, and suppose that H does not contain any simple factor of G. 
Then ,5^ is not cuspidal if and only if there exists a proper parabolic subgroup P of 
G such that P'CH CP. 

If is not cuspidal, then its wonderful variety is obtained from its localization 
to {S^ U supp S) C S" by a procedure called parabolic induction: see [Ti] for details. 

3. From the spherical system to the wonderful subgroup 

3.1. Tlie Levi part. Let ^ be a spherical system. The problem of determining a 
Levi part of a generic stabilizer H of 5^ (or a candidate, if geometric realizability 
of is not assured) is related to a special class of spherical subgroups. These 
subgroups have the form K = L^P", where P is a parabolic subgroup containing 
K, and Lk is a very reductive spherical subgroup of a Levi part Lp of P. 

If .y is geometrically realizable, then it admits a subset A' C A corresponding 
to a subgroup K of the above form. More precisely. A' can be found in such a way 
that Lk and a Levi component of H differ only by their connected center. 

The combinatorial version of these notions is the following. 
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Definition 3.1.1. Let he a. spherical system with colors A. A couple of subsets 
(A', A") with A' C A" C A is of type (S,'M) if and only if A' is distinguished, 
A" is minimal parabolic, and they satisfy the following conditions: 

(1) no simple root in the support of S/A' moves a color in A \ A"; 

(2) there exists a linear combination of elements in S/A' with positive coeffi- 
cients, such that it takes non- negative values on all colors in A" \ A'; 

(3) A' is minimal with these properties. 

We also say that a subset of colors A' C A is of type (^) if there exists some A" 
such that the couple (A', A") is of type (S.'M). 

Proposition 3.1.1. Suppose that the spherical system ,5^ is geometrically realiz- 
able, with generic stabilizer H and set of colors A. Then subsets A' C A o/ type 
are in bijection with co-connected K D H with the following properties: 

(1) there exists a parabolic subgroup P minimal containing H , such that P 3 
K D P"; 

(2) there exist Levi components Lp D Lk ^ L of resp. P , K and H , such that: 

(a) Lk and L are very reductive subgroups of Lp, so in particular K = 

(b) Z{L)° C Z{Lk)° and: 

L ^ Lk 
Z{L)° Z{Lk)°' 

Proof. If we start with a co-connected inclusion P D K ^ H with the above 
hypotheses, it corresponds to a minimal parabolic subset A" and a subset A' C A" 
of type (-Sf). Indeed, condition ([1]) of Definition 13.1.11 follows from the fact that 
G/K is the parabolic induction by means of P of the homogeneous space Lp/ Lk, 
and condition ([2]) follows from the fact that Lk is reductive in Lp. 

Let (A', A") be of type Let K D H and P D K D H he the corre- 

sponding co-connected inclusions. From Definition 13.1.11 it follows that 5^ j IS! is 
the parabolic induction of a reductive spherical system, by means of the parabolic 
subgroup P, and claim ([1]) is proved. 

The minimality of P containing H implies that we can choose Levi components 
2 T^K J2 i with L very reductive in Lp. Hence Lk is very reductive in Lp too: 
this implies Z{L)° QZ(Lk)° ■ 

If: 

( L X ^( Lk 



\Z[LY) ^ \Z(LkY, 
then the subgroup K — LP^' is strictly contained in K. The subgroup P D K' D H 
satisfies the conditions of the statement. The corresponding subset of colors A' C 
A' satisfies conditions ([T|) and ^ , by the first part of the proof, thus contradicting 
the minimality of A'. 



We conclude that: 



and the equality: 



L 



K 



Z{L)°J \Z{LkY 
L Lk 



Z{Lr Z{Lk)° 

then follows from the fact that K D LI is co-connected. □ 



WONDERFUL VARIETIES 



9 



The above proposition gives a procedure to determine a Levi part of H , up to 
its connected center, starting from . Namely, let A' be a subset of colors of 
type (^). The quotient ^/A' is the parabolic induction of a reductive spherical 
system Once ^ is computed, its generic stabilizer Lk is obtained from the 
classification of reductive wonderful subgroups and their spherical systems. 

3.2. The connected center. Let 5^ = (5^,2, A) be a geometrically realizable 

spherical system with generic stabilizer H and set of colors A. 

Conjugating H if necessary, let us choose a parabolic subgroup Q- containing 
B- and H, such that Q- is minimal containing H. The subgroup Q- is associated 
to a distinguished minimal parabolic subset of colors Ag . 

From minimality, it follows that the projection of H in Q-/Q^ is not contained 
in any parabolic subgroup of Q-/Q^. This projection is therefore reductive, or 
equivalently: I) iJ". 

Recall that Lq_ denotes the standard Levi subgroup of Q-, and let us choose 
a Levi part L C Lq_ . The considerations above tell us that L is very reductive 
inside Lq_, and that Z{L)° is a subtorus of Z{Lq_)° C T. 

The dimension of Z{L)° is immediately given by the well known formula: 



Obviously, p{/S.Q_)^ is a sublattice of ZS. 

For each color D in A\ Aq_ define as the unique simple root moving D (this 
root is unique because Aq_ is homogeneous). Define also Ad to be the fundamental 
dominant weight associated to an, and AJ, = — wo(Ad), where wq is the longest 
element in the Weyl group. 

Finally, for all 7 e p(Aq_)-'-, define /i(7) to be the weight: 



Proof. Let 7 € p(A.Q_)^ and consider a -B-proper rational function on G/H 
having B-weight 7. Call the pull-back of on G along the projection G ^ G/H. 

Since has neither zeros nor poles on colors of Aq_ , F^i has neither zeros nor 
poles on the pull-backs on G of these colors. Its zeros or poles must then lie only 
on the puUbacks on G of colors oiG/Q- along the projection G ^ G/Q-. 

This means that is (^--proper under right translation, and it is immediate to 
see that the Q- -weight of F^ is just /x(7). But F^ is also of course -ff -stable under 
right translation, and this implies that /i(7) is constantly 1 on Z{L) fl Z{Lq_)° . 



d\mZ{L)° = card A - cardS. 
This integer is also called the defect of ,5^, and denoted by d{y). 
Definition 3.2.1. We define the following subsets of ZE: 



p(Aq_ )^ = {7 g ZS I c(D, 7) = Vi? e Aq_ } 
p(Aq_)^ = {7 e ZS I c(£),7) > VD e Aq_}. 



r>eA\AQ_ 

restricted to the subgroup Z{Lq_)° of T. 

Lemma 3.2.1. The map 7 h-)- ^(j) is an isomorphism: 
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Viceversa, suppose to have any weight x of Z{Lq_)° which is constantly 1 on 
Z{L) n Z{Lq_)°: considering x as a (5--weight, we can write it as a linear com- 
bination with integer coefficients of weights of the form for D ranging through 
the colors oiG/Q--. 

DeA\^Q_ 

So X is the (5_-weight (under right translation) of some rational function on G, call 
it F , which is a i?-eigenvector under left translation and a (5_ -eigenvector under 
right translation, whose zeros and poles lie on the puUbacks on G of colors of G/Q- 
along the projection G G/Q-. 

The function F under right translation is Q^-stahle and (Lq_ , Lq_ )-stable; it 
is a Z(LQ_)°-eigenvector but Z(L)°-stable, since Z{L)° C Z{L) r^ Z{Lq_)° . Thus 
F is i/-stable, and it descends to a rational function / on G/H . Having neither 
zeros nor poles along colors in Aq_ by construction, the function / is equal to 
for some 7 G p{/S.Q_)^. 

In addition, we notice that the weights of Z{Lq_)° are independent (over 
Q). Indeed, the colors in A \ Aq_ correspond each to a different simple root, that 
we called ao, and these simple roots are exactly those which are not associated to 

Q- 

Finally, we can reapply the first part of the proof to f = f-y'. since the (5_-weight 
(by right translation) of F is we have ao ~ c{D, 7) for all 13 e A \ Aq_ . As a 
consequence, /i(7) = x and the proof is complete. □ 

Corollary 3.2.1. We have the following equality between subgroups of Z(Lq_)° : 
Z{Lr = j fl keypij) 

\76p(Aq_)^ 

Proof. It directly follows from Lemma [3. 2. II □ 

If we start with an abstract spherical system and a minimal parabolic subset 
of colors, we can repeat this procedure just using Z{Lq_)° and S^. A candidate 
connected center Z{L)° is therefore always defined. 

Corollary 3.2.2. The codimension of Z{L)° inside Z{Lq_)° equals the codimen- 
sion of the convex cone Q>op(Aq_) inside IIomz(ZI], Q). 

Proof. From Lemma 13.2.11 and Corollary 13.2.11 we have that the rank of the lattice 
p(Aq_)^ is equal to the codimension of Z{L)° inside Z{Lq_)°. 

It remains to notice that p{Aq_ )^ is the linear part of the convex cone p{Aq_ )^, 
and that the latter is the dual of the convex cone Q>op(Aq_). □ 

3.3. The unipotent radical. We maintain the assumptions of the previous sec- 
tion. We know that Lie Q" /LieTJ" is a spherical L-module. The following propo- 
sition follows from the results of [T2l . 

Proposition 3.3.1 (|12|). The spherical system ^ uniquely determines the struc- 
ture 0/ Lie Q" /Lie 77" as an L-module. 

However, there is no known direct technique to compute of Lie /Lie i?" from 
unless one uses case-by-case considerations, for example based on the list of 
affine smooth spherical varieties of [10]. 
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On the other hand, the spherical system provides immediate information on 
the fiber Q-/H of the map G/H — > G/Q-. Our assumptions imply that Q-/H 
is an affine smooth variety, spherical under the action of Lq_ (see [J), and Lq_- 
equivariantly isomorphic to the homogeneous vector bundle Lq_ x^^LieQ" /Liei/". 

Definition 3.3.1. Recall that BDLq^ is a Borel subgroup of Lq_. We denote by 
A+{Q-/H) the monoid of (B n Lq_ )-eigenvalues of elements in C[Q-/H]^^^^'^-\ 

Lemma 3.3.1. We have A+{Q^/H) = p(Aq_)^. 

Proof. Let / G C{G/H)^^\ and consider its restriction on the fiber F = 
Q-/H C G/H. The restriction is a (B n iQ_ )-eigenvector, and it is non-zero 
because Q- is B-spherical, therefore no color of G/H contains F. 

We obtain in this way a bijection between C{G/HY^^ and C(F)(^^^«-\ This 
follows from [6l Proposition 1.2]; let us provide here a direct proof. Injectivity is 
obvious, since T is a maximal torus of {Br\LQ_ ), therefore the {BnLq_ )-eigenvalue 
of /If is equal to the B-cigcnvalue of /. Let now /q G C{Q_/H)^^^^'^-\ and let 
us extend it to a function / G C(G/i?)^^) with the following definition: 

fiuqH) = foiqH) 

for u G -B" and q G It is easy to show that / is a well defined rational function 
on the open set B^Q^/H of G/H, and that it is a B-eigenvector. 

Now, functions in C[F]'-^'^^'^- •* are exactly the restrictions of functions on G/H 
having no pole on colors in Aq_ , and the lemma follows. □ 

A further step, going beyond the scope of the present work, would be to study all 
possible spherical quotients of Lie under the action of spherical very reductive 
subgroups of Lq_ . Taking into account the results of iJH it would be enough to 
assume that the very reductive subgroup contains Z{Lq_)°: this would provide a 
strategy to guess H" inside Q- based only on S^. 

4. Wonderful fiber products 

4.1. Let Xi,X2,Xi^2 be wonderful G-varieties and (^i : Xi — > Xi_2, (p2- X2 ~^ 
X12 surjective equivariant maps with connected fibers. Then the fiber product 
X = Xi y-Xi 2 -^2 is a (not necessarily spherical) G- variety, with ipi: X Xi, 
11)2 '■ X ^ X2 surjective equivariant maps with connected fibers such that (^1 o -0]^ = 

(P2 o -02. 

Definition 4.1.1. Let Xi,X2,Xi_2 be wonderful G-varieties with maps as above. 
Let Zi, Z2, Zi^2 be the corresponding closed G-orbits, with the corresponding re- 
stricted maps. The G- variety X — Xi 2 -^2 is called wonderful fiber product if 
it is wonderful with closed G-orbit Z = Zi x 2 ^2- 

On the combinatorial level we give the following. 

Definition 4.1.2. Let he a spherical system. Two (*)-distinguished subsets of 
colors Ai, A2 are said to decompose J/' if: 

• {SP/Ai \ SP) _L {SP /A2 \ SP), 

• S c (S/Ai US/A2). 
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If Ai, A2 decompose then there is no cr £ S, D\ G Ai, D2 G A2 such that 
both c(_Di,ct) and c{D2t<j) are non-zero. Therefore, card(E) -|-card(E/Ai U A2) = 
card(I]/Ai) +card(I]/A2). Moreover, Psp = Psp/Ai_ ^Ps^/a^ and Psp/(AiuA2) = 

PsP/AiPsP/A2 = -PfiP/Aa-PsP/Ai- 

Theorem 4.1.1. Let X &e a wonderful G-variety with spherical system ,5^ . Then 
X is isomorphic to a wonderful fiber product Xi 2 ^2 (with notation as above) 
if and only if the corresponding (*) -distinguished subsets A^^ , A^^ decompose ,5^ . 

Proof. Recall the local structure of a wonderful G-variety X: Xb = -'^ \ U^gA-D is 
an open afRne S-subvariety Pgp -isomorphic to Pjp x M, where M is a smooth afRne 
T-subvariety isomorphic to C^. A surjective G-equivariant map with connected 
fibers between wonderful G-varieties X — )■ X' restricts to a i?-equivariant map be- 
tween affine _B-varieties Xb X'g and, moreover, to a T-equivariant map between 
affine T-varieties C^/^' corresponding to the inclusion NS/A' C NE. 

Therefore, if X is wonderful fiber product then one has 

= C^/^i Xc^/AiuAa C^/^-' (4.1) 

which together with the condition on the closed orbits 

Z^^ZiX 2,^2^2 (4.2) 

is equivalent to the conditions given in Definition 14. 1.21 

Vice versa, once one has (|4.ip and (|4.2p . then consider the fiber product X' = 
^1 Xxi 2 ^2- It contains the open affine _B-subvariety {Xi)b X{Xi 2)3 {-^2)3 which 
has an open B-orbit: then X' is spherical. Furthermore, it is: smooth since M' = 
is; complete; and toroidal since every color of X' maps non-dominantly into Xi 
or X2, which are both toroidal. Thence, X' is wonderful and isomorphic to X. □ 

From the above proof, it is clear that we have also the following. 

Theorem 4.1.2. Let be a spherical system, and let Ai, A2 be (*)- distinguished 
subsets of colors that decompose ,5^ . If ,5^ j IS.\ and .y / A2 are geometrically realiz- 
able then ,5^ is geometrically realizable. 

\i X = X\ Xxi 2 ^2 is wonderful fiber product, choose x in the open orbit and 
set xi = Vi(a;), X2 = ^2{x), xi,2 = ^i{xi) = ^P2{x2)- Let H, Hi, H2, Hi^2 be the 
corresponding stabilizers, then H = Hi Ci H2 and Hi 2 = H1H2 = H2H1, namely 
G/H = G/Hi y~GIHx,2 G/H2. 

5. Quotients of type {^) 

5.1. Combinatorial characterization of quotients of type (^). Following 
[4], we give the following: 

Definition 5.1.1. Let _ff be a wonderful subgroup, and D be a co-connected 
inclusion. Then K D H is of type ) if and only if H^ is strictly contained in 
K^, Lie /f ^/Liei?" is a simple iJ-module and Levi components of H and K {L and 
Lk, respectively) differ only by their connected centers (actually, L = N^^, (_ff")). 

The combinatorial counterpart of Definition 15.1.11 is: 

Definition 5.1.2. Let ^ be a spherical system with set of colors A. A minimal 
(non-empty) distinguished subset of colors A' is of type (.2') if and only if it is 
contained in subsets A' and A" such that (A', A") is of type {J^,^). 
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Proposition 5.1.1. Suppose that .y is a geometrically realizable spherical system 
with generic stabilizer H . Then the bijection of Proposition \2.4.i^ restricts to a bijec- 
tion between distinguished subsets A' C A of type (J^ ) and co-connected inclusions 
Kd H of type (^). 

Proof. If we have a co-connected inclusion K D H oi type (^) , tlie corresponding 
subset of colors Ak is minimal distinguished, so we have only to show that it is 
also contained in a subset of type (^)- 

Let P be a parabolic subgroup minimal containing H. Since the inclusion K D H 
is of type (^), up to conjugation we can suppose that P D K D H, that P" 3 
j^u jju^ g^^^ ^YiQ,t we have chosen Levi parts Lp ^ Lk ^ L in such a way that 
Lk and L differ only by their connected centers. 

Consider the subgroup K' = LP^. We have P ^ K' D K D H, and one checks 
using Proposition l3. 1 . 1] that K' ^ H corresponds to a minimal subset of colors Aj^i 
of type (^) containing Ax- 

Viceversa, suppose we have a subset of type (^) containing a minimal subset of 
colors. From geometric realizability we deduce that they are associated to subgroups 
K' ^ K D H. We can thus call our subsets of colors resp. Ak' and Ak- 

Since Ak' is of type we know that Levi parts of H and K' differ only by 

their connected centers. This must happen for K and H too, since we can suppose 
to have Levi parts Lk' 2 Lx ^ L. 

It also follows that D H^. The minimality of Ax assures that iJ" contains 
(if", if"): indeed, the projection of iJ" on K^/{K^,K^) cannot be surjective 
because otherwise we would have iP' = if". The minimality then implies ii" I) 

(ii:",ic"). 

Hence Lieii" is an ideal of Lie if" and Lie if "/Lie ii" is abelian: again the 
minimality of Ax implies that it is a simple P-module. Therefore if D ii is of type 
(^). □ 

5.2. The generic stabilizer of a system admitting a quotient of type (.^). 

Let .5^ be a spherical system admitting a quotient ,5^ / A' of type (-Sf), one would 
like to construct the generic stabilizer H oi 5^ starting from the generic stabilizer 
of y/A'. 

The construction we propose is here below. At present, the only proof of the 
below conjectures that we can imagine would be case-by-case after reducing to the 
list of primitive spherical systems. 

We introduce an additional hypothesis which makes the description easier and 
excludes only "a few" special quotients of type (.if). A color is called negative if 
is < on the set of spherical roots (in this case it is moved by a unique simple 
root). A negative color is called interior (resp. exterior) if is moved by a simple 
root belonging (resp. not belonging) to the support of a spherical root. We assume 
that A' is minimal, there exist exterior negative colors of / A' that are interior 
or not negative as colors of 5^ and there exist no interior negative colors of ,5^ / A' 
that are not negative as colors of ,5^ . This implies that A' is of type (-Sf), see T. 

Let ^A' be the subset of simple roots moving exterior negative colors of / A' 
that are interior or not negative as colors of . Let Q- be the parabolic subgroup 
corresponding to S* \ S'a' and let if be the generic stabilizer oi y /A': we can 
assume Q'[_ C if C Q_. Set a decomposition Q- = Q^_M, we have if = QLKa' 
with if A' C M (notice that if a' is not necessarily reductive). 
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Let US consider the spherical systems !J and 5^', of A/, obtained by locahzation 
of and ^/A', resp., in the subset of simple roots S \ Sa'- The spherical system 
equals the quotient spherical system ^/A'|5\5 ,. Let Ha' and Ka' be the 
corresponding generic stabilizers, Ha' C Ka' C M . 

Conjecture 5.2.1. There exists a simple KA'-module W such that¥{W) = Ka'/Ha'- 

Let W* be the dual of W. The space P(W^*) still has an open spherical i^A'-orbit 
(notice that a module is spherical if and only if its dual is). Let i?^, C Ka' be the 
generic stabilizer, namely P(VF*) = Ka'/Ha'' corresponds to a spherical system 
^* admitting ^/A' as quotient. 

Conjecture 5.2.2. For all a e Sa' there exists a Ka' -orbit closure in P{V{—a)*) 
such that Ka'/H^, = P{W*) C F{V{-a)*). 

This is equivalent to a combinatorial statement on the spherical system 3^* , see 
12 §2.4]. 

Then Lie _ff "PlLie is the co-simple ii'A'-submodule of Lie dual to W* diag- 
onally included in = ®a&s^,V{-a)* (notice that Lie ^ y©[Lie Q^, Lie Q'i]). 
Therefore, H = {HT\Q'!_)Ka' ^z(Q.){HT\QVj. 
Let us give some examples of quotients of type (^). 

5.2.1. Let G be Sp(6). Consider the spherical system ^ with 5"^ = 0, E = 
{ai -I- a2,<^2 + 0^3} and A = 0. The set of colors is A = {Da^^Da^^Da-^} with 
Cartan pairing as follows. 





Ql 4- 0.2 


012 + as 




1 


-1 




1 







-1 


1 



The subset A' — {-Daa} is distinguished of type (^). The corresponding quotient 
^/A' has S-P/A' = {as}, S/A' = {as + a^} and A = 0. 

or^ ( ® *- © — =^=® 

Here Sa' = {^2}^ Ka' = SL(2) x SL(2), Ha' is a codimension 1 parabolic subgroup 
of Ka' and W is isomorphic to the standard representation of one simple factor of 
Ka'. 

5.2.2. Let G be Sp(lO). Consider the spherical system .y with 5^ = 0, E = 5, 
A = A = {Z?+ = = Z?+ , Z?+ , , D-^ = D-^ , D-^ - Z?-^ , D'^ } and Cartan 
pairing as follows. 
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a2 
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-1 
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-1 




-1 
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-1 
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-1 
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-1 



The subset A' = A \ {D^^} is distinguished of type (^). The corresponding 
quotient y/A' has S'^/A' = S\ {as}, E/A' = and A = 0. 

6> o <6> o><6 ^ 
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In this case Sa' = {as}, Q- = K and K^.' = M ^ SL(3) x Sp(4). One gets 
W — V{—a3) (this would directly follow from the conjecture by dimension reasons). 
To find Ha' one has to reapply the same construction to a quotient of type (^) of 
Let us reset our notation. 
Let G be SL(3) x Sp(4). Consider the spherical system y with = 0, S = 5, 
A = A = {D+, = D+„,D+,,D+„,D- = D-,,D- = D",} and Cartan pairing as 
follows. 



c(-,-) 




a'2 


a'/ 
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-1 


-1 
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D+, 





1 





-1 




-1 
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-1 


«i 
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-1 
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1 





1 



The subset A' = {D^, ,D^,} is distinguished of type (^). The corresponding 
quotient ^/A' has Sp/A' = 0, S/A' = {a[ + a'^} and A = 0. 

6> O , _ 

— ^ — e 



o><6 



{c 



■21 



M S SL(2) X SL(2) and K^, ^ SL(2) included di- 



Therefore, Sa' 

agonally in M. Here Ha' is a Borel subgroup of /-Ta', W is isomorphic to the 
standard representation of Ka' and W = V{—a2) = V{~a'{), hence W is included 
diagonally in V{-a[) © Vi-a'^). 

5.2.3. Let G be S0(7). Consider the spherical system with = 0, S = 
{«! + a2, "2 + "3, "a}, A = {-D+3, i'ag} with c{D+^,a) = c{D-^,a) for all a e S. 

} with Cartan pairing as follows. 



Its set of colors is A = {Da^, Da^ , D^^ , D^^ 



<-,-) 


Ctl + 02 
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-Dai 
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The subset A' = {D„2,D+ 
quotient y/A' has Sp/A' = {02}, S/A' 

.<o 



"27^03} is distinguished of type (^). 



The corresponding 



{ai +a2 + 0:3} and A = 1 
} O 



In this example, the above hypothesis on the negative colors of y j A! is not verified. 
One has H = GL(3) included in K, which is a parabolic subgroup of semisimple 

type A2 of SO (6) c G. 

5.3. The generic stabilizer of a system admitting a quotient of higher 

defect. Here we construct the generic stabilizer of a spherical system y ad- 
mitting a quotient of higher defect y /A' , i.e. whose defect is strictly greater than 
d{y), starting from the generic stabilzers of y j A! and of certain localizations of 
y . Notice that if A' is minimal and d(^/A') > d(J^) then the quotient is of type 

The idea is the following. If we denote by if D if the associated co-connected 
inclusion, we know that Levi parts Lk and L of resp. K and H diff'er only by 
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their connected centers. If the defect of K is greater than that of H, the inclusion 
Z{Lk)° 3 Z{L)° is strict. On the other hand, Z{Lk)° must not be contained in 
NgH; therefore iJ" must not be stable under conjugation by Z{Lk)° ■ 

Roughly speaking, the result is that il" is a Z{L)°-siab\e (i^, L^)-submodule 
of K'^, diagonally embedded in a sum of Z/^f-submodules which are all isomorphic 
except for the action of Z{Lk)° ■ 

Moreover, these submodules can be determined inside using some particular 
localizations of , having the property that they admit y j IS! as a quotient too. 

More precisely, let A' be a distinguished subset of type (.if) with k = d(,y/A') — 
d(^). 

Conjecture 5.3.1. There exists a unique set o/fc + l spherical roots ctq, . . . , G S 
such that, if we denote = E \ {cto . • . , Ci-i, crj+i, . . . , CTh}, = =5^Ej and the 
restriction of A' to S^i. for all i = 0, . . . , k: 

(1) d(^i) = d{y) + k; 

(2) AJ is of type (^); 

(3) y/s, = y/s. 

Moreover, if for alia GT, we denote A(a) the subset of colors D such that c{D, a) > 
0; 

(4) exactly one of the colors of A(<Ti) is not free, for all i = 0, . . . , k; 

(5) either A((To) H . . . ("1 A((Tfe) — (with E S A((j) only if a = Ui for some 
< i < k) or each A(crj) intersects A(cr) for some simple root a ^ Oi for 
allO<i<k. 

Finally, if we denote A; the set of colors of yi and Ci the Cartan pairing, for all 
i = 0, . . . ,k, there is a natural bisection (fi: A ^ Aj, such that, if A" is a minimal 
parabolic subset of A containing A'; 

(6) '^i{A") is minimal parabolic containing AJ and yi/ipi{A") = y / A" , 

(7) c{D,(7) = c^{ipi{D),a) for all D e A" and all a e S^. 

Actually the above properties (1), (2), (3) imply all the others. Wc omit here 
the general proof: wc only discuss in detail the following "not too special" case. 

Proposition 5.3.1. Suppose that ao,...,ak G S fl 5". Then the statements (1), 
(2), (3) of the above conjecture imply (4), (5), (6), (7). 

Proof. Because of (3), none of cto, . . . , (th is a spherical root of y j A! . Therefore one 
of the colors of A{ai) must be in A', call it D'l . The other color D~ of A{ai) cannot 
be in A', because in y^ for j ^ i there would exist a color moved by the simple root 
(Tj, such color would be negative and contained in A^, but this is impossible since 
Aj is minimal. Since Gi is not even a summand of any spherical root of y j A! , the 
color D~ must be free. We claim that is not free, which proves (4). 

To prove the claim, let j i^i and consider yf its defect is d(J^) + k and it has k 
spherical roots less than y , so the number of colors of y and of yj must be equal. 
The set A^" can be identified with A|", since the only spherical roots in S \ Sj are 
simple roots. Moreover, the set Ajioh) for j contains one element, which can 
be identified with D^. 

It follows that A^ can be identified with A^ U {D^ \ h ^ j}. The set of the 
remaining colors of y is the following: 

A' = A\{Dj;\h^j}, 
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and the set of the remaining colors of S^j is Aj. We also know from §2.5l that Aj is 
identified with a subset of A, and we conclude that it must be A'. Hence all colors 
in A \ {-D^ I ^ 7^ j} moved by some simple spherical root in Sj. 

Now doesn't contain cr/i if /i ^ j, hence in ,5^ each color D\ must be moved 
by some spherical simple root other than a^. Now j ^ i, so Df is one of them, and 
our claim is proved. 

We now prove (5). Suppose that there is some ai such that no color in A(CTi) is 
moved by roots in S' = S \ {cto, • • • , Cfc}- We must then show the existence of E, 
and we proceed by induction on k. 

We set E = Df the non-free color in A(cri): it is moved by some simple root, not 
in S", so E is also equal to Df for some j ^ i- If fc = 1 then {i, j'} — {0, 1} and we 
are done. Otherwise, consider the localization of to S \ {ui}. It is not difficult 
to check that the restriction A'|2\{o-i} gives a quotient of higher defect satisfying 
(1), (2), (3), (4), and with difference of defects equal to fc — 1. 

The colors moved by Uj are again not moved by any root in S", so by induction 
(To, ... , iTi-i, . . . , <Ji+i, . . . , CTfe all move one color in common (in the localization). 
This color must be the restriction of E, and the proof of (5) is complete. 

For (6) and (7) we need ipi. We have already defined a candidate bijection ipi in 
the first part of the proof, describing the identification of A with A^ needed to prove 
that Df is not free. For any A" minimal parabolic containing A', we have imme- 
diately that Lpi{A") is the restriction (A")|si. From part (3) and Proposition 12.5.1] 
we deduce part (6). 

Let us check the condition (7) on the Cartan pairing. It is obvious on all colors 
D moved by some simple root in S' . It is obvious also on E, if it exists: just notice 
that: 

f{E)=Df. 

The remaining colors are the D~^s, but they do not belong to A" by minimality 
of the latter, so we have no condition on the Cartan pairing to check (by the way, 
it would be false). □ 

The whole conjecture could be proved by reducing to the list of primitive spher- 
ical systems. In the following, the quotient of higher defect j IS! will be assumed 
to enjoy all the above properties (these are combinatorial conditions that can be 
directly verified). 

Suppose now that J5^i = (S'f,S]i,Aj) is geometrically realizable with wonderful 
subgroup Ri, for all i = 0, . . . , fc. Suppose moreover that 5^ j IS! is geometrically 
realizable, with wonderful subgroup K. For all z, we can suppose that Hi <Z K and 
choose corresponding Levi subgroups Li C Lk- 

The quotients S^ij IS!^ are all of type (^); this implies that iJ" C if" and that 
Lie/ir")/Lieii" is a simple Li-module. Moreover Li and Lk differ only by their 
connected centers, but d{S^i) = d{j^/A'), and so Li — Lk for all i. Let us denote 
by Q- = Q" Lq_ the parabolic subgroup (containing _B_ and K) corresponding 
to A". 

We want to study the unipotcnt radicals H^, with the aim of proving that: 

Lie if "/Lie i?!" ^ Lie if "/Lie iij 

as L/f -modules for all We obtain this isomorphism using auxiliary subgroups 
iij', which differ from Hi only for the fact that the connected center of their Levi 
parts is smaller. A posteriori, it will be exactly the connected center of L. 
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We define the subgroups with the use of augmentations of spherical systems, 
see [m §2.2] for details. From [HI §7.2] we have that a spherical subgroup H- C Hi 
with Ng-TJj' = Nc-ffi corresponds to the datum of a sublattice of T-weights such 
that: 

together with a map: 

p'- ZA, ^Homz(5:,Q) 

extending the map pi of o5^i, and satisfying the compatibility conditions (al), (a2), 
(al), (a2), (s) of [H §2.2]. 

Lemma 5.3.1. For all i, j ^ 0, . . . , k: 

(1) The pair: 

(s',p:) = (zs,p), 

where p is the one of , is an augmentation of S^i. 

(2) Call H[ C Hi the spherical subgroup associated to the augmentation (ZS, p); 
then: 

{HT = Hl\ 

(3) If L[ C Li is a Levi part of H[, then L[ and Li differ only by their connected 
centers; moreover: 

so we will denote this common Levi part simply by L' . 

(4) The spherical Lq_ -varieties: 

Q-/HI = Lq_ XL' LieQ!i/LieiJ," 
are all Lg -equivariantly isomorphic. 

Proof. The compatibility relations for (ZS, p) follow from the axioms of spherical 
system applied to 

Part ([2]) holds because Hi C NqH^, so Hi/H[ is a diagonalizable group. The 
first statement of part ([3]) is true because ZE^ is a saturated sublattice of ZE, so 
Hi/H[ is connected. 

We prove the second statement of part ([3]) . Pull-back along the standard pro- 
jection G/ H[ — > G/ Hi induces a bijection between the sets of colors of G/Hi and 
G/H[, so we denote both by A^. We also consider the subset A'/ = ipi{A") as a set 
of colors of both G/H^ and G/H,. 

By hypothesis on A', and the fact that p'^ and p'^ are both equal to p, we have: 

for all i,j. Moreover the colors A^ \ A" and A^ \ A" all have the same associated 
weights (see H3.2^ . since they are the weights associated to the colors of G/Q^. 
We conclude that: 

z{L',r = z{L'^r 

for all i, j — 0, . . . , k, because Lemma [3.2.11 and Corollarv 13 . 2 . II hold for H^ and A" 
even if H[ is not a wonderful subgroup, with exactly the same proofs. 
Since L- and L'^ differ only by their connected centers, the equality 



follows. 
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Part Q is a consequence of the Knop conjecture, proved in [11 , together with 
Lemma rS.S.ll (again, it holds for and A" even if H^ is not a wonderful subgroup, 
with exactly the same proof). 

We also point out that a much weaker version of the Knop conjecture would be 
enough here to prove ([4]), once the equality of part ([3]) is given. □ 

Corollary 5.3.1. Up to replacing (if necessary) Hj with a conjugate also inside 
K and with the same Levi part Lj, we have: 

Lie if" /Lie H]' = Lie X"/Lie 

as irreducible L[-modules for all i, j — 0, . . . , k. 

Proof. From part of Lemma l5.3.1[ we deduce that the quotients LieQ" /LieiJ" 
and Lie /Lie ii" are L'-equivariantly isomorphic, up to twisting if necessary the 
action on Lie Q" /Lie -ff" with an element g € ^Lq L' (see [T^l Lemma 3.6.7]). 

Now it is possible to apply [HI Proof of Theorem 1, step 5], with the subgroups 
Hi, H2, H of loc.cit. equal resp. to H'^ and K. The proof can be carried out in 
the same way even though and H'j are not equal to their normalizers. 

It follows that we may suppose g G Ng{K), in other words g stabilizes Tf". 
Replacing Hj with gHjg~^ we obtain the corollary. □ 

Proposition 5.3.2. There is an Lx-module decomposition Lie if" = V (B Wq © 
. . . © Wk and Z [L k)° -weights 70, . . . , 7^ such that: 

(1) all modules Wi are isomorphic as {L°j^, L°j^) -modules, and simple; 

(2) Z{Lk)° acts on Wi via the weight 7^; 

(3) Lie ii," = y © Wo © . . . W,-i © W+i © . . . © T^fc. 

Proof. Immediate from Lemma l5.3.1l and Corollarv l5.3.1l □ 

Before going on, we prove the following converse to Proposition 15.3.^ 

Proposition 5.3.3. Let be a geometrically realizable spherical system with 
generic stabilizer H and wonderful variety X , and suppose there exists a co- connected 
inclusion K D H , k > and k + 1 stabilizers Hq, • . . , iife of points in X with the 
above properties. Then Ak satisfies the conditions of Conjecture 1 5. 3. J\ 

Proof. Let X be the wonderful embedding of G/H , and choose any i = 0, . . . , fc. 
Let \i be a 1-PSG of Z{Lk)° such that = for i 7^ j and {\i,"fi) = 1. 

Let us call x ^ X the point eH on the open orbit G/H. Then: 

= lim A(t) X 

lies on 1-codimensional G-orbit of X for all i. We define ai to be the unique spherical 
root of X such that S \ {ai} is the set of spherical roots of Gx* C X. With this 
choice, the investigated conditions follows from the properties of the co-connected 
inclusions K Z) Hi, and from Proposition 15 . 1 . Il □ 

Let us come back to our previous notation and hypothesis on A'. We are ready 
to state the main result of this section, for simplicity with an additional mild 
assumption on K. 

Recall that K is said to be spherically closed if all non-trivial G-equivariant 
automorphisms of G/ K move some color. This condition is equivalent to the fact 
that its spherical system does not contain loose spherical roots of types B or G (see 
Definition 16.3. ip . 
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Theorem 5.3.1. Suppose that K is spherically closed. Then the spherical system 
,5^ is geometrically realizable, and a generic stabilizer H can be defined as follows: 

- its Levi part L differs from Lk only by the connected center; 

- the connected center Z{L)° is the connected subgroup of Z[Lk)° defined by 
the equations 70 = . . . = 7fe; 

- the unipotent radical is an L-submodule of , in general position 
among those containing V . 

Proof. The subgroup of -ftT" is well defined. We then define L = N^^ff": the 
above properties of L and Z{L)° follow immediately. It remains to show that H is 
wonderful, with spherical system 5^ . 

Since K is spherically closed, we can use [4i §2.4.2]: for H to be wonderful it 
is enough that it is spherical (it is, because the subgroups Hi are spherical) and 
^kH — H (which holds by construction). 

Let X be the wonderful embedding of G/H , with spherical system ,5^x'- we want 
to show that = We will write = (S'^,Sx,Ax) and y = (S'p,S, A). 
Choose any i = 0, . . . , fc and define Ai be a 1-PSG of Z{Lk)° such that (Ai, 7j) ~ 1 
for i ^ j and (Aj,7i) = 0. 

This time, if a; e X is the point eH G G/H, then: 

x(i) = lim X(t) X 

lies on a /c-codimensional orbit in X: this can be proved noticing that the projec- 
tion G/H — >• G/K sends x to the point eK g G/K, which is Aj(C*)-stable. By 
construction the stabilizer H{i) of x{i) contains Hi and the two subgroups have the 
same dimension. 

On the other hand, the projection G/H — > G/K extends to a map between the 
respective wonderful embeddings, in such a way that x(i) is mapped onto the point 
eK G G/K. Hence H{i) is contained in K. But the Levi subgroups L and Lk 
differ only by their connected centers, therefore H(i) cannot contain Hi strictly: in 
other words Hi = H{i). 

What we have shown is that X has k + 1 localizations with spherical systems 
=5^0, . . . , =^fc- In addition, the co-connected inclusion K D H falls under the hy- 
potheses of Proposition [573.31 let be the corresponding distinguished subset of 
colors. So y has exactly the same quotient y / A' — yx/A'j^ and same localiza- 
tions yo, . . . , yk'. we must now prove that this implies yx = y ■ 

The fc -f 1 localizations assure S*^ — and Sx = S. It remains to show that 
Ax = A and that the resp. bilinear pairings cx and c are equal. It is convenient 
to denote by S' the set of common spherical roots of yo, . . . , yk, i.e. E' = S \ 
{ctq, . . . , CTfc}, and by y' the locahzation of y (or of yx) on S'. 

Let us choose any spherical root a G Sx Ci S — Ci S and denote by Ax (a), 
A(a) the colors moved by a in resp. c5^x, 

There is a bijection (pa between Ax (a) and A(a) whenever a G S', in such 
a way that cx{D, — ) ~ c{Va{D), — ), where both are restricted to E'. This is an 
obvious consequence of the fact that both y and yx localize to y' . 

This induces a bijection: 



ip: y Ax(«) ^ y A(a) 
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compatible with the restrictions of cx and c on E'. We shaU now prove that it is 
compatible with cx and c on S, and that it extends to a bijection between Ax and 
A. 

For the first claim, let /3 G E \ S': then (3 — a-i for some i. Since both and 
■yx localize to it follows that cx{D,l3) = c{ip{D),l3). 

Let us prove the second claim. First of all, suppose we have a simple root 
a G Sx \ S' with a color D G Ax {a) moved also by a simple root in E'. Then, 
(p{D) is already defined, with cx{D,—) ~ c{ip{D),~). Call D' the other element 
of Ax{a), and set fiD') to be the element of A(a) different from f{D). Now by 
the axioms of spherical systems: 

cx{D', -) = {a\ -) - cx{D, -) = {a\ -) - cMD), -) = c{^{D'), -), 

therefore ip respects the pairing for D' too. 

We remain with the case where a G (E \ E') n S, and the colors in A{a) are 
not moved by any simple root in E'. Thanks to property (5) of Conjecture 15.3.11 
(which here is assumed true), all roots ctq, . . . , (Tfe are simple and move one color E 
in common. 

This statement holds for J^x too, by Proposition 15.3.31 Let us denote by Ex 
the corresponding color. Then there is a natural bijection: 

k k 

ip: y Ax{a,) [j A{(7i) 

2 = 1 = 

sending Ex to E. The identity cx{D,ai) — c{ip{D), ai) is thus obvious for i = 
0, . . . , fc; the same identity for the spherical roots in E' follows from the localizations 

We conclude that J^x — and the proof is complete. □ 

5.4. Quotients of higher defect given by positive colors. A particular case 
of quotients of higher defect has already been studied in [Hj for G of type A. It is 
related to a special type of distinguished subsets: those containing only one element. 

Definition 5.4.1. Let = (5^, E, A) be a spherical system. A color D is positive 
if c{D,a) > for all cr G E. In this case we define E^) to be the set of spherical 
roots a such that c{D, cr) > 0. 

It is obvious that A' = {D} is (*)-distinguished and smooth whenever D is a 
positive color. Indeed, E/{_D} = E \ E^. Since the colors of the quotient are 
A \ {D}, we have: 

d{y/{D})~d{y) = \j:D\~i. 

Therefore d{y/{D}) = d(^) if and only if D is free. 

If D is a non-free positive color of a spherical system y, the localizations o5^i, 
uniquely determined by {D} as above, contain each a free positive color equal to 
the restriction of D. 

As a consequence, the geometric realizability of spherical systems with non-free 
positive colors is consequence of the geometric realizability of all spherical systems 
with free positive colors. 

Notice that here the assumption that the generic stabilizer K of S^/{D} is 
spherically closed can be dropped. Indeed, a loose spherical root of type B or G 
belongs to T,/{D} if and only if it belongs to E. 



22 



P. BRAVI AND G. PEZZINI 



6. Tails 

6.1. Definition of spiierical systems with tails. Another general procedure 
applies to all indecomposable spherical systems obtained adding one of the 
following spherical roots 7 to another spherical system 5^' (i.e. 5^' is the localization 
of =5^ in S" c S, with S" U supp 7 = 6*). We always have that 7 glues on a unique 
connected component of S' of type A. 

If S' n supp 7 = we denote by {ai, . . . , a.^) (numbered from left to right) the 
simple roots of the connected component of S' where 7 is glued. There exists at 
most one spherical root 7' non-orthogonal to supp 7, and 7 is one of the following: 
b(m): if m > 1: 



support of type B^, 7 = ap+i + . . . + a^+m; if m = 1: 

O 
O 

support of type Ai, 7 = ap+i, with ap+i the short simple root of a compo- 
nent of S of type B, c(D+ ^^,7') = c(i?- ^,,7') = -l- 
2b(m): if m > 1: 

% 

support of type B^, 7 = 2ap+i + . . . + 2ap+m; if m = 1: 



O 



support of type Ai, 7 = 2ap+i, with ttp+i the short simple root of a com- 
ponent of S of type B. 
d(m): if m > 2: 



support of type D„, 7 = 2Q!p+i-|-. . .-|-2Q!p+„_2-Fap+m-i+ap+m; if m = 2: 



support of type Ai x Ai, 7 = ap+i + ol^+i-, with ap+i, ap+2 simple roots at 
the "end" of a component of S of type D (i.e. G 5 : ap+i / ^} = {/? € 
S : ap+2 / /3} = {ap})- 
If S"nsupp7 ^ we denote by {a\, . . . ,ap+i} (numbered from left to right) the 

simple roots of the connected component of S' where 7 is glued. Then 7 is of the 

form: 

c(m): for m > 2: 

e — @ =^ 

support of type C^, 7 = a^+i + 2ap+2 + ■ • ■ + 2ap+rn-i + cxp+m- In this 
case we will say that 7 is overlapping. 

The above types of tails will be called classical. Other cases, with S having 
connected components of exceptional type, can be considered as tail cases too. 
Here the tail S c S consists of two spherical roots. Let us denote by {ai, . .. ,an} 
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the simple roots of a component of S of exceptional type, numbered as in Bourbaki. 
Then we define the following cases: 

(aa, aa): component of type Eg and S = {ai + aQ,as + a^}. Example: 

^ (h « (b (! ) 



(d3, d3): component of type E7 and E = {a2 + 2a4 + as, as + 2aG + ar}. 
Example: 

— f ■ • • 



(d5, d5): component of type Eg and S = {2ai + a2 + 2a3 + 2a4 + as, a2 + 
as + 2a4 + 2a5 + 2a6}. Example: 



gi — £ ) 



(2a, 2a): component of type F4 and S = {2a3,2a4}. Example: 



a — !D ) ^ 



o o 

Definition 6.1.1. A spherical system has a tail in S c S if and only if there 

exists a (*)-distinguishcd subset of colors A" such that E/A" = E, and: E = {7} 
with 7 one of the above cases b{m), 2b{m), dim), c{m) (in the latter case we allow 
ap+i G S^/A"), or |E| = 2 and E is one of the above cases {aa,aa), {d3,d3), 
{d5,d5), (2a, 2a). 

The existence of A" is necessary: otherwise the generic stabilizer of ^ behaves 
differently from our analysis below. 

A set of colors A" with the property required in the above Definition always 
exists if suppE is a connected component of S (so S is necessarily of type c(m)): 
take for example all the colors of y. Otherwise, if some A" exists, one choice can 
be given by all the colors of <5^' except one. In what follows, we will suppose that 
A" is minimal with respect to its properties. 

Being of rank 1 or 2, the wonderful variety associated to y/A" exists: we call its 
generic stabilizer M c G. If our strategy is based on an induction on the number of 
tails, we can suppose the same for the wonderful variety associated to ,y": we call 
its generic stabilizer K c Gs' ■ We will now see how to build a candidate subgroup 
H for the spherical system ^ starting from M and K. 

6.2. The generic stabilizer of a system with tails. 

6.2.1. Tail of type b{m). An example of this kind of tail is the rank 2 spherical 
system of S0(2p + 2m + 1), say p>2: 



y = ({Q!2, . . . , ap-i, ap+2, . . . , ap+m}, {ai + ... + Up, Up+i + . . . + ap+rn}, 0) 
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Its wonderful subgroup has Levi factor GL{p) x S0(2m) and Lie algebra of the 
unipotent radical equal to (g) C^™ ®a'^0\ 
The quotient j IS!' is the rank 1 case: 

whose wonderful subgroup is M = (GL(p) x SO(2m))(5" , and it is a parabolic 
induction by means of the parabolic subgroup Q- — P_s\{ap}- The set S" is 
. . . , ap}, and the localization S^' is: 



y' = ({ai + . . . + ap}, {q!2, . . . , ap-i}, 0) 
whose wonderful subgroup is if = GL(p) inside SL(p + 1). The morphism cjjA" 
restricted to S^' corresponds to the inclusion GL{p) C R- where R- is the parabolic 
subgroup of SL{p + 1) associated to S' \ {ap}. 

Now let us discuss a general case. We assume that supp S is not a connected 
component of S, and ap is the simple root in S" \ suppS with ap JL suppS. Recall 
also that the connected component of 5" containing ap is of type A. 

The homogeneous space G/M is a parabolic induction by means of the parabolic 
subgroup Q_ = P-S", minimal parabolic containing M, where S" — S^/A" U 
suppE. Notice that S" ^ ap, and G^^ppg acts transitively on G/M: we call 
its stabilizer Af ^ppg C G.^ppg- In other words, Gs" = Gs'nS" x G^^,ppg and 
M=(G5'n5"XM^^ppg)Q1. 

Here, in case of tail of type b{m), we have M^^^^^ = S0{2m) included in 
G™ppg = S0(2m+l). 

On the other hand let us restrict the set of colors A" to S', and call it A"\s'- 
From Definition 16.1 . II and the assumption that A" is minimal, it follows that A"\s' 
is a minimal parabolic set of colors of S^' . The corresponding parabolic subgroup 
i?_ of Gs' has S'OS" as subset of associated simple roots. Now choose K contained 
in i?_ , which implies C i?" , and choose a Levi part of K contained in Lji . 

By construction there exists an isogeny tt: Gs'nS" Z{Ls") — > Lji_, we can set 
L ~ Tr~-^ (Lk) X -/Wg^ppg as a subgroup of Ls". Moreover, the L/^-submodule 
of R^ corresponds to a L-stable subalgebra Lie U of Lie , in such a way that the 
two quotients Lie i?" /Lie i^T", LieQ" /Lie?/ are isomorphic as 7r~^(i/f)-modules. 

To describe more explicitly this isomorphism, let us denote with i?_ the parabolic 
subgroup of Gs' associated to the subset of simple roots 5" \ {ap}, and with 
the parabolic subgroup of G associated to S" \ {ap}. 

The -module Liei?" is simple of highest weight —ap, that is, the fundamen- 
tal weight uJap^i once restricted to the maximal torus of Gg/^^a^y. On the other 
hand the quotient Lg -module LieQ" /[LieQ" jLieQ"] is simple of highest weight 
—ap, that is, ujap^i +^ap-^i once restricted to the maximal torus of Gs\{ap}- There- 
fore, Lie(5!i/[LieQ" ,LieQ"] = Lie^" ® where V{LUap^-^) is the simple 
S0(2m -I- l)-module of highest weight ujop+i- The module V{u}aj,^i) decomposes 
into W{LUap_i_i) ® W{0) as S0(2m)-module. We obtain the above isomorphism be- 
tween the quotients Lie i?" /Lie if" and Lie Q" /Lie C/ since [Lie Q", Lie Q"] and 
Liei?" W{uJa +i) are included in LieU, and Liei?" is isomorphic to Liei?" (g) 
1^(0) cLiei?!i^yK^^J. 

The candidate H is then H ~ U L. 
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6.2.2. Tail of type 2b{m). This case is similar to the preceeding, the only difference 
is that here M.^ppg = Nso(2m+i)SO(2m). 

6.2.3. Tail of type d{m). This case is similar to the preceeding: here M^^^^^ ~ 
S0(2to - 1) inside G^^^^^ = S0(2m). 

6.2.4. Tail of type c{m). This case is special: the idea is similar but there are some 
complications. 

A generic stabilizer for .y" can be contained in two non-conjugated parabolic 
subgroups that are minimal containing it. For other types of tails, whenever a 
given S^' appears, always the same parabolic subgroup plays the role of R- as 
above. With this kind of tails different appear, and they give rise to different 
spherical systems ^ with same tail and same localization S^' . 

For a given J^, the right choice of R- is assured by the parabolic subset A"|5/. 
Let us see an example based on the spherical system S^': 

6> o><6 

o o o 

Its generic stabilizer can be chosen to have Levi subgroup equal to the standard 
Levi of the parabolic P-{ai} of SL(4), or of the parabolic P_{q,3} (see [H Table 3, 
Case 9 with p = 1]). Both P-{ai} and P_{q3} are vahd choices for and appear 
if ^ is resp. one of the following two tail cases: 

o o o 
6> o><6 



o o o 



Even when the same parabolic subgroup R- occurs, different choices of K inside 
R- may produce non-conjugated subgroups H. 

Lemma 6.2.1. Suppose that is a tail spherical system with ,5^' geometrically 
realizable and tail S. Then there exists a subset of colors A' C A" o/ ^ of type 
(S) such that (A'|5-,A"|sO IS of type (SM)- 

Proof. Since we assumed that A" is minimal with respect to its properties, the 
localization A"|5" is minimal parabolic. It contains then a subset of colors Ag 
which has the required properties of A' 1 5/ . 

Now the colors of S^' are identified with a subset of the colors of =5^, and it is 
immediate to prove that we can take A' to be Ag seen as a subset of colors of 

□ 

Any A' with the above properties will determine the right choice for K. Let us 
see an example, S^' : 

6> 0x6 



o i-o o o 

Here two subsets of type (.if) exist, giving as S^' /{A'\s') resp. the following quo- 
tients: 



9 o ? 
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The two subsets of colors appear as A'jg' if is resp. one of the foUowing two tail 
cases: 



Let us now define the candidate subgroup H in general. Denote by Q- the 
parabolic subgroup of G defined by the minimal parabolic subset containing A", 
and by R- the parabolic subgroups of Gs' defined by A"|s/. Notice that ap+i 
belongs to their sets of associated simple roots if and only if a^+i S S^/A". 

For convenience of notation, let us also define parabolic subgroups Q'_ and R'_ 
obtained resp. from Q- and i?_ by adding ap+i to their sets of associated simple 
roots. Of course, ap+i may already be there, thus giving Q'_ = Q_ and R'_ = 
In any case, Q'_ = P~s" where as above S" — S^/A" U supp7. 

We have Gs" = Gs>nsp/A" x Sp(2m), and Gs'nS" — Gs'nsp/A" x SL(2). We 
choose a subgroup SL(2) x Sp(2to — 2) inside Sp(2m) C Gs", and identify its SL(2) 
factor with the one of Gs'nS"- 

Now we choose K inside in such a way that K C R_ factors through the 
co-connected inclusion associated to A'|s'. Again we have if" C i?" , and we choose 
a Levi component Lk of K contained in Ln . 

As before, we set L — 7r~^(Li<-) xSp(2to— 2), and define U in the same way: notice 
that the simple Sp(2TO)-module V{ujaj,^i) decomposes into Wi © W2 as SL(2) x 
Sp(2m — 2)-module, where Wi and W2 are the defining modules resp. of the first 
and second factor. Finally, put H — U L. 

From the proof of Lemma 16.3.31 it will be evident why in the other cases the 
definition of H does not require the use of A'. 

6.2.5. Tail of type (aa,aa). The case is similar to the above classical cases b{m), 
26(m) and /(to): here M^^^^^ = N(diag(SL(3))) inside G^^^^^ = SL(3) x SL(3). 

6.2.6. Tail of type {d3,d3). The case is similar to the preceeding: here M^^^ g = 



6.2.7. Tail of type {d5,d5). The case is similar to the preceeding: here Af^uppg is 
the normalizer of a simple group of type F4 inside G^^^^ g simple of type Eg . 

6.2.8. Tail of type (2a, 2a). The case is similar to the preceeding: here M^^ g — 



6.3. Geometric realizability of a system with tails. We use here all the ele- 
ments previously introduced. Denote also by M' the factor Sp(2to — 2) of L acting 
trivially on Q^'^/U if the tail is of type c(m), or the factor M^^^^^ previously defined 
otherwise. 

From now on, let be a spherical system with tail in S and let H be the 
subgroup defined as above. Moreover, suppose that _ff is a generic stabilizer of a 
wonderful variety X with spherical system S^x- 





N(Sp(6)) inside G g = SL(6). 



N(S0(3)) inside G g = SL(3). 
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Lemma 6.3.1. The set E is included in Ex- In the case of a tail E — {7} of type 
6(1), both colors moved by 7 are free, and the Cartan pairing is equal on each of 
them. 

Proof. Let us choose a 1-PSG A : C* — T adapted to supp E (see [IS]), and consider 
the definition of the candidate subgroup H . It is not _B-spherical, in other words 
it is the stabihzer of a point x € X not lying on the open i?-orbit. Nevertheless, 
uHu~^ is i?-spherical for any u varying in a non-empty open subset of _B". This 
means that ux lies on the open i?-orbit of X, and thus the limit: 

xq = lim \ {t)ux 

lies on the open G^^^^ g-orbit of the localization -'i^g^pp g of X in supp E (see [13l 
§1.1]). It is possible to write any u G i3" as a product u = vw such that w € H 
and V commutes with M' . The consequence is that M' C uHu^^ for any u e S". 
The elements A(t) commute with M' for any t: we conclude that M' stabilizes xq, 
and hence it is contained in a generic stabilizer of -'^'g^pp g • Now it is easy to list all 
spherical subgroups of G^^^ppg containing M': they have rank 1 or 2 and in each 

case E C E^. If the tail E = {7} is of type 6(m) one actually has that 7 or 27 is 
a spherical root: the case 27 is excluded by considering the group of G-equivariant 
automorphisms of G/ H. 

For the case 6(1), the fact that the two colors are free stems from the inclusion 
H C M, which gives rise to a quotient of ,S^x where the assertion is true. The 
equality of the Cartan pairing on the two colors is easily deduced using the same tail 
system where 7 is replaced by 27, and comparing the two candidate subgroups. □ 

Corollary 6.3.1. 

(1) Any spherical root a G Ex \ E satisfies suppa C 5". 

(2) The spherical system ,S^x has a tail in E. 

Proof. The first assertion is immediate from the shape of the tail spherical roots: 
it is enough to start from E and then try to add another spherical root to it using 
the well known classification of wonderful varieties of rank 2. 

For the second assertion we must verify Definition 16.1.11 and show the existence 
of a (*)-distinguished subset of colors : this is just the subset of colors associated 
to the inclusion H C M. □ 

Lemma 6.3.2. The localization of .S^x in S' is equal to ,5^' . 

Proof. We suppose at first that the tail is not of type 6(1), and let us call H' a 
generic stabilizer of Xs' ■ We claim that R' can be chosen to have Lk as Levi 
factor. 

CoroUarv 16.3. II implies that there is a bijection between the set of distinguished 
sets of colors of X contained in , and the set of distinguished sets of colors of 
Xgi contained in A^jg/. The bijection is simply induced by restriction, which in 
this case is just considering a set of colors of X as a set of colors of Xs' . 

This bijection preserves the property of being of type (^). On the other hand 
Mg^ppg is a very reductive subgroup of iguppg (i.e. not contained in any proper 
parabohc): therefore there exists a subset of colors A^ of type (.if) inside A^. It 
follows that H' has Levi factor which differs from Lk only for its connected center. 
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Let D be a minimal parabolic subset of colors of ^x- From Lemma fG. 3. II 
we deduce that A^' contains all colors moved by simple roots in S \ S' , and that 
A'xls' is minimal parabolic of ^jg/. Moreover, on E all colors in A^ are and all 
colors in Ax \ A^' are < 0. 

From these facts it is easy to deduce that the formula of Corollary 13.2.11 gives 
the same result whether applied to X and A^' or to Xs' and ^'x\s'- for each type 
of tail it is an elementary exercise involving the values on S of the color(s) moved 
by the simple root(s) in S \ S' . Comparing the connected center of L and of 
we conclude that L/f and a Levi subgroup of H' also have same connected center, 
and our claim follows. 

Now we prove that H' and K are conjugated. It is possible to choose a 1-PSG 
A: C* — > r such that X{t) commutes with Ls' for all i G C*, and (A, a) — 1 for all 
a e 5* \ S". Corollarv l6. 3. II implies that (A, cr) > for all cr e S, and (A, cr) = for 
all a e Sx \ S. The consequence is that the limit: 

xq — lim A(t)x 

lies on the open G-orbit of Xj^^^g, and Tr^^{Lfc) is contained in the stabilizer 
X{t)HX{t)~^ of X{t)x for all t G C*. Hence it is also contained in the stabilizer 

Thanks to the definition of H, for a generic choice of Af inside L„„„„v we 

' ^ SUpp zj SUpp Zj 

have: 

lim Ad(X(t)) (Lie Lk ® Lie U) = Lie Lk ® Lie if". 

t->o 

where we identify LieGs'nS" © LieZ(Ls") with hie Lji via the isogeny tt. 

Hence Lie Lk ©LieiiT" is also contained in LieH^^^. Finally, Lemma [6.3.11 and 
Corollary 16.3.11 assure that -^^^^xs parabolic induction of Xs' by means of a 

parabolic P containing P-s' ■ In other words Lie ^^2\s ^' ^^'^ 

radical of Lie P, up to conjugating H' if necessary. We deduce that H' D Lk K"^ = 
K, and for dimension reasons they are equal. 

If the tail S = {7} has type &(1) we can apply Lemma r6.3.H Corollary 16 . 3.11 and 
the first part of this proof to the spherical system ^ obtain adding to y' the tail 
{27}. We only need to check that the candidate subgroup iV of J7 is wonderful 
too, but this stems from the fact that H C N C NoH. 

Let Y be the wonderful completion of G/N, and S^y its spherical system. The 
first part of the proof assures that the localization of J^y on S' is equal to S^' . 
On the other hand [N : H] = 2 together with 7 S Ex, 27 e Ey imply that the 
localizations of S^x and of S^y in S' are equal: the proof is complete. □ 

Lemma 6.3.3. The system S^x is equal to . 

Proof. Applying Lemma 16.3.11 and Lemma 16.3.21 we know that E C Ex and that 
the localization of S^x in S' is This finishes the proof if the tail is not of type 
c(m). If E = {7} is of type c(m), the systems S^x and y may both share these 
properties, and yet be different. Namely, there can be two different choices for the 
color D of y such that c{D,'-f) < 0. If this is the case, these colors are both 
moved by ap (in the notation of §6.2.4p . they are both free, and both choices lead 
to consistent spherical systems. We must now show that one of the two possible 
spherical systems does not satisfy Definition 16. 1.1) so there is no ambiguity, or that 
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for each of the two systems 5^ our procedure provides the right generic stabihzer 
U. 

It is convenient here to denote by -D+ and D~ the two colors moved by a spherical 
root a„ e 5 n E. 

Ste]) 1. Let us suppose that no spherical root tr ^ 7 is supported on ap+i. This 
implies that y must be non-cuspidal, with a^+i outside the support of its spherical 
roots. The system y in the vicinity of 7 is as follows: 




-@- 



or: 

o_ 

depending on the choice of D. If is the unique color moved by ap+2, then A" 

and {Dp-1-2} decompose =5^ in both cases, therefore it is not a tail system. 

As a consequence, we may assume that some spherical root cr ^ 7 is supported 
on ttp+i. 

Step 2. Let's consider first the case where a ^ S. The only possibility is 7 = 
Up+i + Up-i, and in the vicinity of 7 looks like: 



O' 



or: 

O 



t 



o 



-© — ®- 



The required set of colors A" exists only in the second diagram, so there is no 
ambiguity. 

Step 3. It remains the case where ap+i G S. If -Dp_)_j and D~_^^ are free, then ^ in 
the vicinity of 7 is: 



o> <o 



o o 

or: 

o> <o 



o o 

The two quotients =5^/A' are resp.: 

O 



-©- 



O 

O 



O 



-©- 



and they give two different candidates for H. The existence of the co-connected 
inclusions associated to the two quotients above assures that the two subgroups H 
correspond to the right spherical systems. 

We may now assume that -Dp+i and D~_^^ are not both free. 
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Step 4- Let us suppose that both are non-free: one of them must take the value —1 
on ap, say Dp_^_i. Consider the colors £>+ and D~ moved by Up. If one of them is 
zero both on Up-i and on ap+i, then we have: 



o 6> o'<6 



9009 

or: 

o 6> o <6 



0000 



-®- 



The first system does not admit a subset of colors A", so there is no ambiguity. 

We assume now that no color moved by ap is zero on both ap-i and ap+i. If 
D~_-^ is free, then we have: 



o <6> o><6 



9009 

or: 

o <6> 0x6 



9009 
Here the two quotients y/A' must be resp.: 

---- 9 e — ^ — ®- 

and: 

— !S © ■ ®- 



and they give two different candidates for H. Again, the existence of the co- 
connected inclusions associated to the two quotients above assures that the two 
subgroups H correspond to the right spherical systems. 
If Dp_i is not free, then we have: 




The two quotients ^/A' are resp.: 

— 9 — » 



---- 9---9 — © — ■ — ® — — =^ 

and they give two different candidates for H. Again, the existence of the co- 
connected inclusions associated to the two quotients above assures that the two 
subgroups H correspond to the right spherical systems. 
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Step 5. Let us suppose that only one of D^j^^, ^p+i is not free, say D^j^^. We leave 
for a moment undetermined the values of the colors Z)+ and D~ , and focus on the 
value of -Dp+i on Up. We have a system like: 

606 



if c(£)+_i,q;j,) = 0, or: 



E o o o 



6> o <6 



-®- 



^000 



-®- 



if c{Dp^^, ap) = —1. Since D~_^^ is free, the color E must also be free in both cases. 

Hence in the first case Dp_^-^ is a non-free positive color, and the system admits 
a good quotient of higher defect. Thus, we may assume that c{D^_^-^^,ap) = —1. 
Step 6. Now let us consider the colors moved by ap. If one of them is zero both on 
ap-i and on a^+i, then we have: 

6> o^<"6^_ 



000 



or: 

6> o <6 



000 

The first of the two systems does not admit a subset of colors A", so there is no 
ambiguity. 

Step 1. We may now assume that no color moved by Up is zero both on Q.p-\ and 
Q!p+i. Our system is: 



6> o><6 



or: 



000 



6> 0x6 



-®- 



000 



Both arc tail systems. Since -Dp+i, i'p , D~ are free, we conclude that is 
free, and that -Dp_j, D~_^, ^p-i spherical roots different from ap-i, 

It is easy to deduce that the two quotients by A" are resp.: 



© — @- 

and: 

---© — © - 



It is evident that these correspond to two different parabolic subgroups i?_ , which 

means two candidate wonderful subgroups. Finally, the existence of the co-connected 
inclusions associated to the two quotients above assures the good choice of our 
generic stabilizers. □ 
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Before stating the main theorem of this section, we need the fohowing auxihary 
resuh which is independent from the rest of the paper. 

Definition 6.3.1. [4, §2.2] Let cr be a spherical root of a spherical system . Then 
o is loose if and only if one of the following holds: 

(A) cr G E n 5' and p{D^) ^ p{D~) where A(a) = {D+ , D-}; 

(B) (7 = Q!i + . . . + where {ai, . . . , am\ C S has type with short root 
Urm and A(ai) = for i = 2, . . . , m; 

(G) a = 2ai + ai where {q;i,Q!2} ^ S has type G2 with short root a\. 

Lemma 6.3.4. Let ^ — (5^,1], A) he a spherical system. Let T, be defined as S 
where we replace each loose spherical root a with 2a, and let A be obtained from A 
by removing all pairs A(a) for a £ En5 loose of type A. Then Nciy) = (S^, S, A) 
is a spherical system; if is geometrically realizable, then .y is geometrically realizable 
too. 

Proof. The lemma follows from [T^ Theorem 2] and the theory of augmentations 
of spherical systems of [H]. We use here an alternative definition of spherical roots, 
valid for any spherical homogeneous space, and given in ^12j . 

The fact that Ng(^) is a spherical system follows directly from the definition 
of S. Suppose that Nci^) is geometrically realizable, with generic stabilizer N: 
from [T2I Theorem 2] we see that N is equal to its nornializer in G. 

The lattice ZS D ZE and the Cartan pairing of define an augmentation of 
Ng(o5^) in the sense of [Mj. Let H C N he the corresponding spherical subgroup. 
Using the same approach as [9l §4] we can compare the cones of G-invariant discrete 
valuations of G/H and of G/H: since [ZE : ZE] is finite, we deduce that we can 
identify Homz(ZE, Q) and Homz(ZE, Q) in such a way that the cones of invariant 
valuations are equal to the same subset V, a co-simplicial strictly convex polyhedral 
cone. 

We have that V is defined by the equations (•, a) < for all cr G E. But |E| = |E| 
and for all cr G E either ct or cr/2 is in E, therefore V is also defined by the equations 
(•,cr) < for all cr G E. 

It follows that E is by definition the set of spherical roots of G/H. Since it 
generates ZE and the latter is the lattice of i?-weights of C{G/H), it follows that 
H is wonderful with spherical system S^. □ 

Theorem 6.3.1. Let J/" be a spherical system with a tail, and suppose that the lo- 
calization .y as defined in H6.1\ is geometrically realizable. Then .y is geometrically 
realizable, with generic stabilizer H as defined in ^ 6. S\ 

Proof. We begin by supposing that the tail is not of type b{m), and that y' cor- 
responds to a wonderful variety without non-trivial G-equivariant automorphisms. 
Then N^^, if = if, and from the definition of H it follows that NqH ^ H. The sub- 
group H is hence wonderful, call X its wonderful variety. Applying Lemma l6.3.1[ 
Lemma [6.3.21 and Lemma [6.3.31 we know that S^x — ■ 

Now drop our assumptions both on y and on the tail. Let Ng(._5^) be defined as 
in Lemma [6. 3. 41 it is a tail spherical system with localization Ng(^') and same tail 
as y , except for the case where the latter has tail b[m) and Ng(^) has tail 2b{m). 
By the first part of the proof Ng(c5^) is geometrically realizable (with wonderful 
subgroup N), and therefore y too, thanks to Lemma [6.3.41 Let H be the generic 
stabilizer of it remains to show that H = H. 
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The group H is obtained from TV in the proof of Lemma 16.3.41 by means of 
the augmentation of Ng(^) given by ,^ . Hence H is defined inside N as the 
intersection of the kernels of certain characters, we refer to §6] for details. 
The same considerations apply to the generic stabilizers K and M of resp. 
and Ng(^'). Moreover, H has (by its definition) finite index in TV, so it is the 
intersection of the kernels of some characters too. 

At this point the only thing to check is that H and H have Levi subgroups equal 
up to conjugation. Let (A', A") be as in Lemma [6.2.11 and let A'" D A" be a 
minimal parabolic subset of colors. Using Proposition 13. 1 . l1 and Corollary 13 . 2 . II we 
conclude that a Levi subgroup of H has the form tt^^{Lk) x A^s„ppg, with the 
notation of '> \Q.2\ The equality H = H follows. □ 

6.4. The generic stabilizer of a system with arcs of type a{m). Let us now 
mention a variant of the above situation where the same arguments apply. 
Let .5^ be a spherical system such that 

- there exists 7 G S of type a(m), 

- there exist 7', 7" G S non-orthogonal to supp7 with supp7' n supp7" — 
and such that, if {D e A : c{D,'^) = 1} = {D\D"}, then c{D' = 
c(£)",7") = -1 and cp',7") = c{D" ,i) = 0, 

- there exists a (*)-distinguished subset of colors A" such that S/A" — {7}. 

In this case we say that 5^ has an arc in {7} of type a(m). 
Example: 



Notice the analogies with the tail cases: is obtained adding 7 to a spherical 
system S^' (localization oi 5^ hi S' = S \ supp 7) . Let us enumerate the simple 
roots of the connected component of S containing supp 7 in such a way that 7 = 
ap+i + . . . + Up+rn- Actually, if is indecomposable, without positive n-combs 
with n > 1, the only two simple roots of S" non-orthogonal to supp 7 are ap and 
ttp+ni+i. As above. A" is supposed to be minimal with respect to its properties, 
M C G and K C Gs' are resp. the generic stabilizers of y / A" and y'. 

The description of the subgroup H and the proof that it is actually the generic 
stabilizer of y can be conducted as above. Here, take Q- = P-s" with S" = 
S'P/A" U supp7 and notice that S" ^ Up, ap+m+i- Here we have Mgn-p-pt = GL(m) 
included in Gsupp7 = SL(m-t-l). Take the parabolic subgroup of Gs' associated 
to S' n S". Choose K c R- (thus K"" c Rl) and Lk C Lr_. As above, set 
L = 7r~i(LK)xMsupp^ C Ls" and U C Q'i such that Lie /Lie if", UeQ"i/UeU 
are isomorphic as 7r^^(L/f )-modules. 
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